
Hierar
hi
 Eu
lidean skeletons in 
ubi
al
omplexesMi
hel CouprieUniversité Paris-Est, LIGM, Équipe A3SI, ESIEE Paris, Fran
e⋆⋆e-mail: m.
ouprie�esiee.frAbstra
t. In the 90s, several authors introdu
ed the notion of a hier-ar
hi
 family of 2D Eu
lidean skeletons, evolving smoothly under the
ontrol of a �ltering parameter. We provide in this arti
le a dis
reteframework whi
h formalizes and generalizes this notion, in parti
ular tohigher dimensions. This framework allows us to propose a new skele-tonization s
heme and to prove several important properties, su
h astopology preservation and stability w.r.t. parameter 
hanges.Despite the simpli
ity of the most 
ommon de�nition of a skeleton, as the setof all 
enters of maximal in
luded balls, its use in real appli
ations often raisesdi�
ult problems. One of the main issues is its la
k of stability.In 2005, F. Chazal and A. Lieutier introdu
ed the λ-medial axis [4℄, a par-ti
ular 
lass of �ltered skeletons, and studied its properties, in parti
ular thoserelated to stability. A major out
ome of [4℄ is the following property: infor-mally, ex
ept for parti
ular values of the �ltering parameter, the λ-medial axisremains stable under perturbations of the shape that are small with regard tothe Hausdor� distan
e. However, the original de�nition of the λ-medial axis onlyholds and makes sense in the (
ontinuous) Eu
lidean n-dimensional spa
e. In [3℄,J. Chaussard et al. introdu
ed the de�nition of a dis
rete λ-medial axis in Z
n,and showed that it provides good robustness to boundary noise and invarian
eby rotation in pra
ti
e.For 
ertain appli
ations however, the λ-medial axis 
annot be used be
ause,when a small modi�
ation of the �ltering parameter λ is done around some par-ti
ular values, topologi
al 
hanges or abrupt appearing/disappearing of bran
hestypi
ally o

ur in the resulting skeketon.On the other hand, several authors have proposed a general idea that leadsto the notion of a family of skeletons, evolving smoothly under the 
ontrol ofa single parameter. They 
alled it hierar
hi
 skeletons [10℄, veinerization [11℄or multis
ale skeletons [8℄. Su
h a family of skeletons 
an be summarized by afun
tion, 
alled potential residual in [10℄. The skeletons are obtained as level sets(i.e., thresholds) of this fun
tion. The method of R.L. Ogniewi
z and O. Kübler[10℄ applies to 2D shapes that are (sets of) planar polygons in R

2, and theresulting skeleton is a set of straight line segments whi
h do not ne
essarily
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have their extremities on a grid. The authors give a proof that the obtainedskeleton is homotopy-equivalent to the original shape, but dis
retizations of theseskeletons in Z
2 do not generally share the same property. Veinerization [11℄ andmultis
ale skeletons [8℄ are methods that operate in the 2D square grid, and thatare based on the same general idea as Ogniewi
z and Kübler's. However [11℄ doesnot provide an algorithm to 
ompute skeletons in pra
ti
e, and the algorithmproposed in [8℄ does not guarantee topology preservation. Extensions of theseworks to higher-dimensional spa
es (e.g., 3D) have not been 
onsidered so far,to our knowledge.In this arti
le, we propose an e�e
tive and �exible method for building and�ltering dis
rete skeletons, in the framework of 
ubi
al 
omplexes. We ensuretopology preservation by founding our method on the 
ollapse operation, anelementary deformation that preserves the homotopy type.First, we propose a thinning pro
edure that 
ombines three ideas: λ-medialaxis (Se
. 2), dire
tional parallel thinning, and guided thinning (Se
. 3). Thispro
edure also produ
es a sequen
e of 
ollapse operations from whi
h we derivean a
y
li
 graph stru
ture that we 
all a �ow graph.Based on this �ow graph, we de�ne the notion of topologi
al map. We provethat if M is a topogi
al map on an obje
t X , then any level set of M has thesame homotopy type as X (Th. 5). Moreover, we prove that if the real numbers

a and b are 
lose to ea
h other, then the shapes Ma and Mb (the level sets of Mat levels a and b) are 
lose to ea
h other1 with respe
t to the Hausdor� distan
e(Th. 6). This property will assess the stability of our �nal skeletonization methodw.r.t. the parameter value.Then, we show how to build parti
ular topologi
al maps based on di�erentmeasures of shape 
hara
teristi
s, thanks to the notion of upstream (Se
. 3,Se
. 6).Finally, we propose a skeletonization s
heme that produ
es families of �lteredhomotopi
 skeletons (Se
. 7). A �ltered skeleton is obtained as a level set of theobtained topologi
al map.Proofs of the stated properties, experimental evaluation, and more illustra-tions 
an be found in an extended version of this arti
le [6℄.1 Cubi
al 
omplexes and 
ollapseIn this se
tion, we re
all brie�y some basi
 de�nitions on 
ubi
al 
omplexes, seealso [1℄ for more details.Let S be a set. If T is a subset of S, we write T ⊆ S. We denote by |S| thenumber of elements of S.Let Z be the set of integers. We 
onsider the families of sets F
1
0, F

1
1, su
h that

F
1
0 = {{a} | a ∈ Z}, F

1
1 = {{a, a + 1} | a ∈ Z}. A subset f of Z

n, n > 2, whi
h isthe Cartesian produ
t of exa
tly m elements of F
1
1 and (n−m) elements of F

1
0 is
alled a fa
e or an m-fa
e in Z

n, m is the dimension of f , we write dim(f) = m.1 in the sense of Lips
hitz 
ontinuity
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) (d) (e) (f)Fig. 1. (a) Four points in Z
2: x = (0, 1); y = (1, 1); z = (0, 0); t = (1, 0). (b) A graphi
alrepresentation of the set of fa
es {f0, f1, f2}, where f0 = {z} = {0} × {0} (a 0-fa
e),

f1 = {x, y} = {0, 1} × {1} (a 1-fa
e), and f2 = {x, y, z, t} = {0, 1} × {0, 1} (a 2-fa
e).(
) A set of fa
es that is not a 
omplex. (d) A set of fa
es that is a 
omplex. (e,f) Twosteps of elementary 
ollapse from (d).We denote by F
n the set 
omposed of all fa
es in Z

n. An m-fa
e is 
alled apoint if m = 0, a (unit) edge if m = 1, a (unit) square if m = 2, a (unit) 
ube if
m = 3.Let f be a fa
e in F

n. We set f̂ = {g ∈ F
n | g ⊆ f} and f̂∗ = f̂ \ {f}. Any

g ∈ f̂ is 
alled a fa
e of f .A �nite set X of fa
es in F
n is a 
omplex (in F

n) if for ea
h fa
e f ∈ X , wehave f̂ ⊆ X . See in Fig. 1(d,e,f) some examples of 
omplexes, and in Fig. 1(b,
)examples of sets of fa
es that are not 
omplexes.The 
ollapse operation is an elementary topology-preserving transformationwhi
h has been introdu
ed by J.H.C. Whitehead [14℄ and plays an important rolein 
ombinatorial topology. It 
an be seen as a dis
rete analogue of a 
ontinuousdeformation (a strong deformation retra
t). Collapse is known to preserve thehomotopy type.Let X be a 
omplex in F
n and let (f, g) ∈ X2. If f is the only fa
e of X thatstri
tly in
ludes g, then g is said to be free for X and the pair (f, g) is said tobe a free pair for X . Noti
e that, if (f, g) is a free pair, then we have ne
essarily

dim(g) = dim(f) − 1.Let X be a 
omplex, and let (f, g) be a free pair for X . Let m = dim(f). The
omplex X \ {f, g} is an elementary 
ollapse of X , or an elementary m-
ollapseof X (see Fig. 1: (e) is an elementary 1-
ollapse of (d), (f) is an elementary
2-
ollapse of (e)).Let X , Y be two 
omplexes. We say that X 
ollapses onto Y , and we write
X ց Y , if Y = X or if there exists a 
ollapse sequen
e from X to Y , i.e.,a sequen
e of 
omplexes 〈X0, ..., Xℓ〉 su
h that X0 = X , Xℓ = Y , and Xi isan elementary 
ollapse of Xi−1, for ea
h i ∈ {1, . . . , ℓ}. Let J = 〈(fi, gi)〉

ℓ
i=1be the sequen
e of pairs of fa
es of X su
h that Xi = Xi−1 \ {fi, gi}, for any

i ∈ {1, . . . , ℓ}. We also 
all the sequen
e J a 
ollapse sequen
e (from X to Y ).2 The dis
rete λ-medial axis and the proje
tion radiusmapThe original de�nition of the λ-medial axis (see [4℄) holds and makes sense inthe (
ontinuous) Eu
lidean n-dimensional spa
e. The de�nition of a dis
rete
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Fig. 2. Illustration of the λ-medial axis. Left: Points x, x′ and x′′ and their respe
tive
losest boundary points. Top right: λ-medial axis with λ = ǫ, a very small positive realnumber. Bottom right: λ-medial axis with λ = d(a′, b′) + ǫ.
λ-medial axis (DLMA) in Z

n is given in [3℄, together with an experimentalevaluation of its stability and rotation invarian
e.Noti
e that the DLMA applies on a digital image (i.e., a subset of Z
n), noton a 
omplex. However, the bije
tive 
orrespondan
e between elements of Z

nand n-fa
es in F
n allows us to use the DLMA and related notions in the 
ontextof 
ubi
al 
omplexes.Let x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ R

n, we denote by d(x, y) the Eu-
lidean distan
e between x and y, in other words, d(x, y) = (
∑n

k=1(yk − xk)2)
1

2 .Let S ⊆ R
n, we set d(y, S) = minx∈S{d(y, x)}.Let x ∈ R

n, r ∈ R
+, we denote by Br(x) the ball of radius r 
entered on x,de�ned by Br(x) = {y ∈ R

n | d(x, y) 6 r}.Let S be a nonempty subset of R
n, and let x ∈ R

n. The proje
tion of x on S,denoted by ΠS(x), is the set of points y of S whi
h are at minimal distan
efrom x ; more pre
isely,
ΠS(x) = {y ∈ S | ∀z ∈ S, d(y, x) 6 d(z, x)}.Let X be an open bounded subset of R

n, and let λ ∈ R
+. We denote by Xthe 
omplement set of X , i.e., X = R

n \ X . The λ-medial axis of X is the setof points x in X su
h that the radius of the smallest ball that in
ludes ΠX(x)is not less than λ (see Fig. 2).For ea
h point x ∈ Z
n, we de�ne the dire
t neighborhood of x as N(x) = {y ∈

Z
n | d(x, y) 6 1}.Transposing dire
tly the de�nition of the λ-medial axis to the dis
rete grid

Z
n would yield unsatisfa
tory results (see [3℄), this is why we need the followingnotion. Let S ⊆ Z

n, and let x ∈ S. The extended proje
tion of x on S (where
S = Z

n \S), denoted by Πe

S
(x), is the union of the sets ΠS(y), for all y in N(x)su
h that d(y, S) 6 d(x, S).Let S be a �nite subset of Z

n, and let λ ∈ R
+. We de�ne the fun
tion PRSwhi
h asso
iates, to ea
h point x of S, the value PRS(x) that is the radius ofthe smallest ball en
losing all the points of the extended proje
tion of x on S.In other terms, PRS(x) = min{r ∈ R

+ | ∃y ∈ R
n, Πe

S
(x) ⊆ Br(y)}, and we




all PRS(x) the proje
tion radius of x (for S). The dis
rete λ-medial axis of S,denoted by DLMA(S, λ), is the set of points x in S su
h that PRS(x) > λ.Note that the fun
tion PRS 
an be 
omputed on
e and stored as a grays
aleimage, and that any DLMA of S is a level set of this fun
tion at a parti
ularvalue λ. Noti
e also that DLMA has not, in general, the same topology as theoriginal shape. For more details, illustrations and performan
e analysis, see [3℄.3 Guided 
ollapse and �ow graphIn this se
tion, we introdu
e a thinning s
heme that produ
es a 
ollapse sequen
e,based on an arbitrary priority map (e.g., a distan
e map or a proje
tion radiusmap). The general idea of guided thinning is not new: it has been used byseveral authors to produ
e skeletons based on the Eu
lidean distan
e [7, 13, 12℄,and 
onsists of using the priority fun
tion in order to spe
ify whi
h elementsmust be 
onsidered at ea
h step of the thinning. Here, we 
ombine this generalidea with a parallel dire
tional 
ollapse algorithm introdu
ed in [2℄, in orderto minimize the number of arbitrary de
isions. When several elements sharethe same priority, whi
h may o

ur quite often, we remove in parallel all su
helements that satisfy a 
ondition based on dire
tion and dimension. All dire
tionsand dimensions are su

essively explored.First, we need to de�ne the dire
tion of a free fa
e. Let X be a 
omplex in
F

n, let (f, g) be a free pair for X . Sin
e (f, g) is free, we know that dim(g) =
dim(f)−1, and it 
an be easily seen that f = g∪g′ where g′ is the translate of gby one of the 2n ve
tors of Z

n with all 
oordinates equal to 0 ex
ept one, whi
his either +1 or −1. Let v denote this ve
tor, and c its non-null 
oordinate. Wede�ne Dir(f, g) as the index of c in v, it is the dire
tion of the free pair (f, g).Its orientation is de�ned as Orient(f, g) = 1 if c = +1, and as Orient(f, g) = 0otherwise.Now, we are ready to introdu
e algorithm GuidedCollapse (see Alg. 1). Thesymbol + is used to denote the a
tion of appending an element at the end of asequen
e.We have the following property.Proposition 1. Whatever the 
omplex X and the map P from X to R, X
ollapses onto GuidedCollapse(X, P ).Algorithm GuidedCollapse may be implemented to run in O(N log N) time
omplexity, where N denotes the 
ardinality of X , using a balan
ed binary treedata stru
ture (see [5℄) for representing the set R.To 
on
lude this se
tion, we introdu
e the notion of a �ow graph asso
iatedto a given 
ollapse sequen
e.A (�nite dire
ted) graph is a pair (V, E) where V is a �nite set and E is asubset of V ×V . An element of V is 
alled a vertex , an element of E is 
alled anar
. A path in (V, E) is a sequen
e 〈vi〉
ℓ
i=0 of verti
es su
h that ℓ > 0 and for all

i ∈ {1, . . . , ℓ}, we have (vi−1, vi) ∈ E. The number ℓ is the length of the path. If



Algorithm 1: GuidedCollapse(X, P )Data: A 
ubi
al 
omplex X in F
n, and a map P from X to R (priority map)Result: A 
ollapse sequen
e J

J = 〈〉; R = {(p, f, g) | (f, g) is free for X, p = max(P (f), P (g))};1 while R 6= ∅ do2
m = min{p | (p, . , .) ∈ R}; Q = {(m, . , .) ∈ R}; R = R \ Q;3
L = {(f, g) | (. , f, g) ∈ Q};4 for t = 1 → n /* dire
tion */ do5 for s = 0 → 1 /* orientation */ do6 for d = n → 1 /* de
reasing dimension */ do7

T = {(f, g) ∈ L | (f, g) is free for X,8 Dir(f, g) = t, Orient(f, g) = s, dim(f) = d};
X = X \ T ;9 forea
h (f, g) ∈ T do J = J + (f, g);10 forea
h (i, j) ∈ X2, j ∈ f̂∗ do11 if (i, j) is free for X then12

p = max(P (i), P (j));13 if p 6 m then L = L ∪ {(i, j)};14
R = R ∪ {(p, i, j)};15 return J ;16

ℓ = 0 the path is said trivial . If v0 = vℓ the path is a 
y
le. The graph is a
y
li
if it does not 
ontain any non-trivial 
y
le.De�nition 2. Let X be a 
omplex and J = 〈(fi, gi)〉
ℓ
i=1 be a 
ollapse sequen
efrom X. For any k ∈ {1, . . . , ℓ}, ℓ > 0, we set Xk = X \ {fi, gi}

k
i=1. We set

E1 = {(gi, fi)}
ℓ
i=1 and E2 =

⋃ℓ

k=1{(fk, g) | g ∈ f̂k

∗

∩ Xk}.The �ow graph asso
iated to J is the (dire
ted) graph whose vertex set is X andwhose edge set is E = E1 ∪ E2.This de�nition is illustrated in Fig. 3. It 
an be easily seen that, whateverthe 
omplex X and the 
ollapse sequen
e J from X , the �ow graph asso
iatedto J is a
y
li
.4 Upstream of a vertex and its valuationFrom now, we 
onsider a 
ollapse sequen
e J = 〈(fi, gi)〉
ℓ
i=1 from a 
omplex X ,and its asso
iated �ow graph (X, E = E1 ∪ E2). Using the notations of Def. 2,any pair (fk, gk) of J is free for Xk−1, and we have X = X0 ց . . . ց Xℓ. Wede�ne F = {fi}

ℓ
i=1, G = {gi}

ℓ
i=1 and XJ = F ∪ G.Let x ∈ X , we denote by Γ (x) the set of su

essors of x in the a
y
li
 graph

(X, E), that is, Γ (x) = {y ∈ X | (x, y) ∈ E}, and we denote by Γ−1(x) the setof prede
essors of x in this graph, that is, Γ−1(x) = {y ∈ X | (y, x) ∈ E}. We
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Fig. 3. Left: A 
ollapse sequen
e J . Ea
h pair (fi, gi) of J is depi
ted by an arrowfrom gi to fi. The numbers indi
ate the indi
es of the pairs in J . Right: The �ow graphasso
iated to J .denote by d+(x) the outer degree of the vertex x in the graph (X, E), that is,the number of su

essors of x.We 
all upstream of x the set of all verti
es that are an
estors of x in the �owgraph, that is, the set U(x) = {y ∈ X | there is a path from y to x in (X, E)}.In a 
ollapse sequen
e, 
ertain pairs 
an be swapped or eliminated, yieldinganother 
ollapse sequen
e. Intuitively, the elements of the upstream of a fa
e xof X are those that must indeed be 
ollapsed before x 
an itself 
ollapse.Let L be a map from X to R∪{+∞}. Roughly speaking, the map L̃ de�nedbelow 
umulates, for ea
h vertex x, the values of L on all verti
es of the upstreamof x.De�nition 3. Let L be a map from X to R∪{+∞}. We de�ne the map L̃ su
hthat, for any x ∈ X:
L̃(x) = L(x) +

∑

y∈Γ−1(x)

L̃(y)/d+(y)Noti
e that this de�nition is re
ursive, and that it makes sense sin
e thegraph (X, E) is a
y
li
. Intuitively, the division by d+(y) is motivated by thefa
t that a value must not be taken in a

ount several times in the sum. Thevalues L̃(x) 
an be 
omputed by a quite simple re
ursive program (given in [6℄)that has a linear time 
omplexity.Two parti
ularly simple fun
tions L yield meaningful indi
ators asso
iatedto the elements of X . Let us �rst 
onsider the fun
tion L1 su
h that L1(x) = 1 if
dim(x) = n, and L1(x) = 0 otherwise. The map L̃1 asso
iates, to ea
h element xof X , the �area of U(x)� (or its volume in 3D). Now, let us 
onsider L2 = 1B(X),where B(X) is the set of all fa
es that are free for X . We 
all B(X) the border of
X . In other words, L2(x) = 1 if x ∈ B(X), and L2(x) = 0 otherwise. The map
L̃2 asso
iates, to ea
h element x of X , a measure (length in 2D, surfa
e area in3D) of U(x) ∩ B(X).Fig. 4(a1, a2) show the maps L1 and L2 respe
tively, for the same obje
t Y .The maps L̃1 and L̃2 are displayed in Fig. 4(b1, b2).



0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 1.0 0.0 1.0 0.0 1.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 1.0 0.0 1.0 0.0 1.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 1.0 0.0 1.0 0.0

0.0 0.0 0.0 0.0 0.0

0.1 0.3 0.6 0.8 1.3 0.3 0.1

0.0 1.0 0.1 1.1 1.7 1.0 0.0

0.1 0.3 0.7 1.0 3.3 3.6 4.3 0.3 0.1

0.0 1.0 0.1 1.1 4.7 1.0 0.0

0.1 0.3 0.7 1.0 6.3 6.6 6.9

0.0 1.0 0.1 1.1 7.1

0.1 0.3 0.6 0.8 8.0

1.1 1.1 1.2 1.2 1.7 1.1 1.1

1.0 1.0 1.1 1.1 1.7 1.0 1.0

1.1 1.1 1.2 1.2 3.6 3.6 4.7 1.1 1.1

1.0 1.0 1.1 1.1 4.7 1.0 1.0

1.1 1.1 1.2 1.2 6.6 6.6 7.1

1.0 1.0 1.1 1.1 7.1

1.1 1.1 1.2 1.2 8.0

(a1) (b1) (c1)
0.0 1.0 0.0 1.0 0.0 1.0 0.0

1.0 0.0 0.0 0.0 0.0 0.0 1.0

0.0 1.0 0.0 0.0 0.0 0.0 0.0 1.0 0.0

1.0 0.0 0.0 0.0 0.0 0.0 1.0

0.0 1.0 0.0 0.0 0.0 0.0 0.0

1.0 0.0 0.0 0.0 1.0

0.0 1.0 0.0 1.0 0.0

0.1 1.3 1.4 2.5 3.9 1.3 0.1

1.0 1.0 0.1 0.1 4.1 1.0 1.0

0.1 1.3 1.6 1.8 6.2 6.3 7.9 1.3 0.1

1.0 1.0 0.1 0.1 8.1 1.0 1.0

0.1 1.3 1.6 1.8 10.2 10.3 10.5

1.0 1.0 0.1 0.1 11.5

0.1 1.3 1.4 2.5 14.0

1.3 1.3 2.5 2.5 4.1 1.3 1.3

1.0 1.0 1.1 1.1 4.1 1.0 1.0

1.3 1.3 1.8 1.8 6.3 6.3 8.1 1.3 1.3

1.0 1.0 1.1 1.1 8.1 1.0 1.0

1.3 1.3 1.8 1.8 10.3 10.3 11.5

1.0 1.0 1.1 1.1 11.5

1.3 1.3 2.5 2.5 14.0

(a2) (b2) (c2)Fig. 4. (a1, a2) Maps L1 and L2 on the same 
omplex Y . (b1, b2) Maps eL1 and eL2. Forthe sake of readability, only one digit after the de
imal point is displayed. (c1, c2) α-Topologi
al maps indu
ed by eL1 and eL2, respe
tively, with α = 0.1 (see Se
. 5 andSe
. 6).5 Topologi
al mapsIn this se
tion, we introdu
e the notion of topologi
al map. A topologi
al mapbased on a 
ollapse sequen
e J is a map on the elements of X that satis�es
ertain 
onditions relative to J and its asso
iated �ow graph. Then, we prove animportant property of su
h maps: if M is a topologi
al map, then any level setof M is homotopy-equivalent to X . In Se
. 6, we will show how to build su
h amap, based on any given fun
tion on X .De�nition 4. Let M be a map from X to R ∪ {+∞}. We say that M is atopologi
al map on X (based on J) if:i) for all (g, f) in E1, M(g) = M(f); andii) for all (f, g) in E2, M(g) > M(f); andiii) for all g in X \ XJ , M(g) = +∞.Let α be a positive real number. If we repla
e ii) with the stronger requirement:ii') for all (f, g) in E2, M(g) > M(f) + α,then we say that M is an α-topologi
al map on X (based on J).The notion of topologi
al map is inspired from the one of dis
rete Morsefun
tion (see [9℄). A topologi
al map 
an be seen (apart from the in�nite values)as a parti
ular 
ase of dis
rete Morse fun
tion, and Th. 5 
ould also be provedusing results of [9℄.
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) (d)Fig. 5. (a) A 1-
omplex X, a �ow graph on X (bla
k arrows for ar
s of E1, red arrowsfor ar
s of E2), and a (1-)topologi
al map M on X (numbers). (b,
,d) Level sets of Mat levels 0, 3 and 7, respe
tively.Let λ ∈ R ∪ {+∞}, we de�ne Mλ = {x ∈ X | M(x) > λ}, the (upper)level set of M at level λ. The main property of a topologi
al map M is that anylevel set of M is homotopy-equivalent to X , as implied by the following theorem(Th. 5, see Fig. 5 for an illustration).Theorem 5. Let M be a topologi
al map on X. Whatever the number λ ∈
R ∪ {+∞}, the 
omplex X 
ollapses onto Mλ.The next theorem (Th. 6) expresses the stability of our skeletonization s
heme,with respe
t to the variations of the �ltering parameter.Let S, T be two subsets of R

n. We set H(S|T ) = maxs∈S{mint∈T {d(s, t)}},and dH(S, T ) = max{H(S|T ), H(T |S)} is the Hausdor� distan
e between Sand T . Let X be a 
omplex in F
n, we denote by S(X) the union of all fa
esof X , 
alled the support of X . For 
omparing two 
omplexes X and Y , we 
on-sider the Hausdor� distan
e between their supports S(X) and S(Y ).Theorem 6. Let α ∈ R, λ ∈ R ∪ {+∞}, α > 0, λ > 0. Let k ∈ N. Let M be an

α-topologi
al map on X. Then, dH(S(Mλ),S(Mλ+kα)) 6 k.6 Topologi
al map indu
ed by an arbitrary mapIn this se
tion, we show that given any map L on X , we 
an de�ne and 
omputea topologi
al map that is �
lose to� L, more pre
isely it is the lowest map above
L that is a topologi
al map.De�nition 7. Let L be any map from X to R ∪ {+∞}, and let α be a positivereal number. We 
onsider a map M su
h that:a) M is an α-topologi
al map; andb) for all f in XJ , M(f) > L(f); and
) M is minimal for 
onditions a) and b), that is, any map M ′ verifying both a)and b) is su
h that M ′ > M .As stated by the following property, M is uniquely de�ned. We say that themap M is the α-topologi
al map indu
ed by L.Proposition 8. Let M and M ′ be two maps that verify 
onditions a), b) and
) of Def. 7. Then, we have M = M ′.This notion is illustrated in Fig. 6 and in Fig. 4(c1, c2).Next, we give an algorithm (Alg. 2) that 
omputes the α-topologi
al mapindu
ed by any given map on X . Before this, let us re
all brie�y the notions of
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20(a) (b)Fig. 6. (a) A map L on the 
omplex X of Fig. 5. (b) The 1-topologi
al map indu
edby L.Algorithm 2: AlphaTM(X, E1, E2, L, α)Data: A 
omplex X, the ar
 sets E1, E2 of a �ow graph on X, a map L from Xto R, a real number α > 0Result: A topologi
al map Mforea
h x ∈ X do1 if x does not appear in E1 ∪ E2 then M(x) = +∞;else M(x) = L(x);Let {Xr}r=k

r=0 be the result of the topologi
al sort of the a
y
li
 graph2
(X, E1 ∪ E2);for r = 0 → k do3 forea
h x ∈ Xr do4 forea
h y su
h that (y, x) ∈ E1 do5

M(y) = M(x) = max{M(x), M(y)};forea
h y su
h that (y, x) ∈ E2 do6
M(x) = max{M(x), M(y) + α};return M ;7rank and topologi
al sort (an introdu
tion to topologi
al sort, in
luding de�ni-tion, properties and algorithm, 
an be found, e.g., in [5℄). Let G = (V, E) bean a
y
li
 graph and let x ∈ V , the rank of x in G is the length of the longestpath in G that ends in x. The topologi
al sort of G is an operation that resultsin a partition {V r}r=k

r=0 of V su
h that ea
h V r is the subset of V 
ontaining allverti
es of rank r.Proposition 9. Let L be a map from X to R, and let α be real number, α > 0.The result of AlphaTM(X, E1, E2, L, α) is the α-topologi
al map indu
ed by L.7 Computing hierar
hi
 skeletonsLet us now summarize our method to produ
e families of �ltered homotopi
skeletons (see algorithm 3). It is assumed here that X is a pure n-
omplex in
F

n, that is, a 
omplex in whi
h ea
h fa
e is in
luded in an n-fa
e.First, we 
ompute the proje
tion radius map (Se
. 2) on the n-fa
es of X ,and extend it to the other elements of X (if y ∈ X is not an n-fa
e, then we set
P (y) to the max of P (xi) where the xi's are all n-fa
es that in
lude y).Using algorithm 1 (Se
. 3) we build a 
ollapse sequen
e and a �ow graph on X .By 
onstru
tion, the upstream of any vertex x of this �ow graph is 
omposed



Algorithm 3: TopoMap(X, L, α)Data: A 
omplex X, a map L on X, a real number αResult: A topologi
al map MLet P be the proje
tion radius map of X (see Se
. 2);1 Let J = GuidedCollapse(X, P ) (see Se
. 3);2 Let (X, E = E1 ∪ E2) be the �ow graph asso
iated to J ;3 Let M = AlphaTM(X, E1, E2, eL, α) (see Se
. 5);4 return M ;5

Fig. 7. Left: a rendering of the result of the TopoMap operator, using the map L2.Right: a �ltered 
urvilinear skeleton of a 3D shape.by elements that, in any family of �ltered skeletons, should disappear before xdoes.Integrating information given by map L allows us to asso
iate, to ea
h ele-ment x of X , a value L̃(x) that represents a measure of the upstream of x. Thelower this value, the sooner the point x may disappear.Then, thanks to algorithm 2 (Se
. 5), we produ
e a topologi
al map M basedon this measure. Due to Th. 5, we know that any level set of M is homotopy-equivalent to X . Therefore, �ltered (i.e., pruned) skeletons are obtained bythresholding the map M ; lowest levels of threshold 
orrespond to highest levelsof detail. Some results are shown in Fig. 7 and Fig. 8.8 Con
lusionThe method that we propose is guaranteed to preserve topology and is stablewith respe
t to variations of the �ltering parameter, as stated by Th. 5 andTh. 6 respe
tively. It is designed to work in 3D as well as in 2D. Furthermore,our method is highly �exible: many variants 
an be imagined, in parti
ular by



(a) (b) (
) (d)Fig. 8. (a,b,
) Three level sets of TopoMap(X, L2), at values 25, 50 and 130, respe
-tively. (d) DLMA of X, with λ = 45.
hoosing alternative valuations of the upstream. Future work in
lude 
omparisonwith other methods for 
omputing dis
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