
Hierarhi Eulidean skeletons in ubialomplexesMihel CouprieUniversité Paris-Est, LIGM, Équipe A3SI, ESIEE Paris, Frane⋆⋆e-mail: m.ouprie�esiee.frAbstrat. In the 90s, several authors introdued the notion of a hier-arhi family of 2D Eulidean skeletons, evolving smoothly under theontrol of a �ltering parameter. We provide in this artile a disreteframework whih formalizes and generalizes this notion, in partiular tohigher dimensions. This framework allows us to propose a new skele-tonization sheme and to prove several important properties, suh astopology preservation and stability w.r.t. parameter hanges.Despite the simpliity of the most ommon de�nition of a skeleton, as the setof all enters of maximal inluded balls, its use in real appliations often raisesdi�ult problems. One of the main issues is its lak of stability.In 2005, F. Chazal and A. Lieutier introdued the λ-medial axis [4℄, a par-tiular lass of �ltered skeletons, and studied its properties, in partiular thoserelated to stability. A major outome of [4℄ is the following property: infor-mally, exept for partiular values of the �ltering parameter, the λ-medial axisremains stable under perturbations of the shape that are small with regard tothe Hausdor� distane. However, the original de�nition of the λ-medial axis onlyholds and makes sense in the (ontinuous) Eulidean n-dimensional spae. In [3℄,J. Chaussard et al. introdued the de�nition of a disrete λ-medial axis in Z
n,and showed that it provides good robustness to boundary noise and invarianeby rotation in pratie.For ertain appliations however, the λ-medial axis annot be used beause,when a small modi�ation of the �ltering parameter λ is done around some par-tiular values, topologial hanges or abrupt appearing/disappearing of branhestypially our in the resulting skeketon.On the other hand, several authors have proposed a general idea that leadsto the notion of a family of skeletons, evolving smoothly under the ontrol ofa single parameter. They alled it hierarhi skeletons [10℄, veinerization [11℄or multisale skeletons [8℄. Suh a family of skeletons an be summarized by afuntion, alled potential residual in [10℄. The skeletons are obtained as level sets(i.e., thresholds) of this funtion. The method of R.L. Ogniewiz and O. Kübler[10℄ applies to 2D shapes that are (sets of) planar polygons in R

2, and theresulting skeleton is a set of straight line segments whih do not neessarily
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have their extremities on a grid. The authors give a proof that the obtainedskeleton is homotopy-equivalent to the original shape, but disretizations of theseskeletons in Z
2 do not generally share the same property. Veinerization [11℄ andmultisale skeletons [8℄ are methods that operate in the 2D square grid, and thatare based on the same general idea as Ogniewiz and Kübler's. However [11℄ doesnot provide an algorithm to ompute skeletons in pratie, and the algorithmproposed in [8℄ does not guarantee topology preservation. Extensions of theseworks to higher-dimensional spaes (e.g., 3D) have not been onsidered so far,to our knowledge.In this artile, we propose an e�etive and �exible method for building and�ltering disrete skeletons, in the framework of ubial omplexes. We ensuretopology preservation by founding our method on the ollapse operation, anelementary deformation that preserves the homotopy type.First, we propose a thinning proedure that ombines three ideas: λ-medialaxis (Se. 2), diretional parallel thinning, and guided thinning (Se. 3). Thisproedure also produes a sequene of ollapse operations from whih we derivean ayli graph struture that we all a �ow graph.Based on this �ow graph, we de�ne the notion of topologial map. We provethat if M is a topogial map on an objet X , then any level set of M has thesame homotopy type as X (Th. 5). Moreover, we prove that if the real numbers

a and b are lose to eah other, then the shapes Ma and Mb (the level sets of Mat levels a and b) are lose to eah other1 with respet to the Hausdor� distane(Th. 6). This property will assess the stability of our �nal skeletonization methodw.r.t. the parameter value.Then, we show how to build partiular topologial maps based on di�erentmeasures of shape harateristis, thanks to the notion of upstream (Se. 3,Se. 6).Finally, we propose a skeletonization sheme that produes families of �lteredhomotopi skeletons (Se. 7). A �ltered skeleton is obtained as a level set of theobtained topologial map.Proofs of the stated properties, experimental evaluation, and more illustra-tions an be found in an extended version of this artile [6℄.1 Cubial omplexes and ollapseIn this setion, we reall brie�y some basi de�nitions on ubial omplexes, seealso [1℄ for more details.Let S be a set. If T is a subset of S, we write T ⊆ S. We denote by |S| thenumber of elements of S.Let Z be the set of integers. We onsider the families of sets F
1
0, F

1
1, suh that

F
1
0 = {{a} | a ∈ Z}, F

1
1 = {{a, a + 1} | a ∈ Z}. A subset f of Z

n, n > 2, whih isthe Cartesian produt of exatly m elements of F
1
1 and (n−m) elements of F

1
0 isalled a fae or an m-fae in Z

n, m is the dimension of f , we write dim(f) = m.1 in the sense of Lipshitz ontinuity
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z t(a) (b) () (d) (e) (f)Fig. 1. (a) Four points in Z
2: x = (0, 1); y = (1, 1); z = (0, 0); t = (1, 0). (b) A graphialrepresentation of the set of faes {f0, f1, f2}, where f0 = {z} = {0} × {0} (a 0-fae),

f1 = {x, y} = {0, 1} × {1} (a 1-fae), and f2 = {x, y, z, t} = {0, 1} × {0, 1} (a 2-fae).() A set of faes that is not a omplex. (d) A set of faes that is a omplex. (e,f) Twosteps of elementary ollapse from (d).We denote by F
n the set omposed of all faes in Z

n. An m-fae is alled apoint if m = 0, a (unit) edge if m = 1, a (unit) square if m = 2, a (unit) ube if
m = 3.Let f be a fae in F

n. We set f̂ = {g ∈ F
n | g ⊆ f} and f̂∗ = f̂ \ {f}. Any

g ∈ f̂ is alled a fae of f .A �nite set X of faes in F
n is a omplex (in F

n) if for eah fae f ∈ X , wehave f̂ ⊆ X . See in Fig. 1(d,e,f) some examples of omplexes, and in Fig. 1(b,)examples of sets of faes that are not omplexes.The ollapse operation is an elementary topology-preserving transformationwhih has been introdued by J.H.C. Whitehead [14℄ and plays an important rolein ombinatorial topology. It an be seen as a disrete analogue of a ontinuousdeformation (a strong deformation retrat). Collapse is known to preserve thehomotopy type.Let X be a omplex in F
n and let (f, g) ∈ X2. If f is the only fae of X thatstritly inludes g, then g is said to be free for X and the pair (f, g) is said tobe a free pair for X . Notie that, if (f, g) is a free pair, then we have neessarily

dim(g) = dim(f) − 1.Let X be a omplex, and let (f, g) be a free pair for X . Let m = dim(f). Theomplex X \ {f, g} is an elementary ollapse of X , or an elementary m-ollapseof X (see Fig. 1: (e) is an elementary 1-ollapse of (d), (f) is an elementary
2-ollapse of (e)).Let X , Y be two omplexes. We say that X ollapses onto Y , and we write
X ց Y , if Y = X or if there exists a ollapse sequene from X to Y , i.e.,a sequene of omplexes 〈X0, ..., Xℓ〉 suh that X0 = X , Xℓ = Y , and Xi isan elementary ollapse of Xi−1, for eah i ∈ {1, . . . , ℓ}. Let J = 〈(fi, gi)〉

ℓ
i=1be the sequene of pairs of faes of X suh that Xi = Xi−1 \ {fi, gi}, for any

i ∈ {1, . . . , ℓ}. We also all the sequene J a ollapse sequene (from X to Y ).2 The disrete λ-medial axis and the projetion radiusmapThe original de�nition of the λ-medial axis (see [4℄) holds and makes sense inthe (ontinuous) Eulidean n-dimensional spae. The de�nition of a disrete
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Fig. 2. Illustration of the λ-medial axis. Left: Points x, x′ and x′′ and their respetivelosest boundary points. Top right: λ-medial axis with λ = ǫ, a very small positive realnumber. Bottom right: λ-medial axis with λ = d(a′, b′) + ǫ.
λ-medial axis (DLMA) in Z

n is given in [3℄, together with an experimentalevaluation of its stability and rotation invariane.Notie that the DLMA applies on a digital image (i.e., a subset of Z
n), noton a omplex. However, the bijetive orrespondane between elements of Z

nand n-faes in F
n allows us to use the DLMA and related notions in the ontextof ubial omplexes.Let x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ R

n, we denote by d(x, y) the Eu-lidean distane between x and y, in other words, d(x, y) = (
∑n

k=1(yk − xk)2)
1

2 .Let S ⊆ R
n, we set d(y, S) = minx∈S{d(y, x)}.Let x ∈ R

n, r ∈ R
+, we denote by Br(x) the ball of radius r entered on x,de�ned by Br(x) = {y ∈ R

n | d(x, y) 6 r}.Let S be a nonempty subset of R
n, and let x ∈ R

n. The projetion of x on S,denoted by ΠS(x), is the set of points y of S whih are at minimal distanefrom x ; more preisely,
ΠS(x) = {y ∈ S | ∀z ∈ S, d(y, x) 6 d(z, x)}.Let X be an open bounded subset of R

n, and let λ ∈ R
+. We denote by Xthe omplement set of X , i.e., X = R

n \ X . The λ-medial axis of X is the setof points x in X suh that the radius of the smallest ball that inludes ΠX(x)is not less than λ (see Fig. 2).For eah point x ∈ Z
n, we de�ne the diret neighborhood of x as N(x) = {y ∈

Z
n | d(x, y) 6 1}.Transposing diretly the de�nition of the λ-medial axis to the disrete grid

Z
n would yield unsatisfatory results (see [3℄), this is why we need the followingnotion. Let S ⊆ Z

n, and let x ∈ S. The extended projetion of x on S (where
S = Z

n \S), denoted by Πe

S
(x), is the union of the sets ΠS(y), for all y in N(x)suh that d(y, S) 6 d(x, S).Let S be a �nite subset of Z

n, and let λ ∈ R
+. We de�ne the funtion PRSwhih assoiates, to eah point x of S, the value PRS(x) that is the radius ofthe smallest ball enlosing all the points of the extended projetion of x on S.In other terms, PRS(x) = min{r ∈ R

+ | ∃y ∈ R
n, Πe

S
(x) ⊆ Br(y)}, and we



all PRS(x) the projetion radius of x (for S). The disrete λ-medial axis of S,denoted by DLMA(S, λ), is the set of points x in S suh that PRS(x) > λ.Note that the funtion PRS an be omputed one and stored as a graysaleimage, and that any DLMA of S is a level set of this funtion at a partiularvalue λ. Notie also that DLMA has not, in general, the same topology as theoriginal shape. For more details, illustrations and performane analysis, see [3℄.3 Guided ollapse and �ow graphIn this setion, we introdue a thinning sheme that produes a ollapse sequene,based on an arbitrary priority map (e.g., a distane map or a projetion radiusmap). The general idea of guided thinning is not new: it has been used byseveral authors to produe skeletons based on the Eulidean distane [7, 13, 12℄,and onsists of using the priority funtion in order to speify whih elementsmust be onsidered at eah step of the thinning. Here, we ombine this generalidea with a parallel diretional ollapse algorithm introdued in [2℄, in orderto minimize the number of arbitrary deisions. When several elements sharethe same priority, whih may our quite often, we remove in parallel all suhelements that satisfy a ondition based on diretion and dimension. All diretionsand dimensions are suessively explored.First, we need to de�ne the diretion of a free fae. Let X be a omplex in
F

n, let (f, g) be a free pair for X . Sine (f, g) is free, we know that dim(g) =
dim(f)−1, and it an be easily seen that f = g∪g′ where g′ is the translate of gby one of the 2n vetors of Z

n with all oordinates equal to 0 exept one, whihis either +1 or −1. Let v denote this vetor, and c its non-null oordinate. Wede�ne Dir(f, g) as the index of c in v, it is the diretion of the free pair (f, g).Its orientation is de�ned as Orient(f, g) = 1 if c = +1, and as Orient(f, g) = 0otherwise.Now, we are ready to introdue algorithm GuidedCollapse (see Alg. 1). Thesymbol + is used to denote the ation of appending an element at the end of asequene.We have the following property.Proposition 1. Whatever the omplex X and the map P from X to R, Xollapses onto GuidedCollapse(X, P ).Algorithm GuidedCollapse may be implemented to run in O(N log N) timeomplexity, where N denotes the ardinality of X , using a balaned binary treedata struture (see [5℄) for representing the set R.To onlude this setion, we introdue the notion of a �ow graph assoiatedto a given ollapse sequene.A (�nite direted) graph is a pair (V, E) where V is a �nite set and E is asubset of V ×V . An element of V is alled a vertex , an element of E is alled anar. A path in (V, E) is a sequene 〈vi〉
ℓ
i=0 of verties suh that ℓ > 0 and for all

i ∈ {1, . . . , ℓ}, we have (vi−1, vi) ∈ E. The number ℓ is the length of the path. If



Algorithm 1: GuidedCollapse(X, P )Data: A ubial omplex X in F
n, and a map P from X to R (priority map)Result: A ollapse sequene J

J = 〈〉; R = {(p, f, g) | (f, g) is free for X, p = max(P (f), P (g))};1 while R 6= ∅ do2
m = min{p | (p, . , .) ∈ R}; Q = {(m, . , .) ∈ R}; R = R \ Q;3
L = {(f, g) | (. , f, g) ∈ Q};4 for t = 1 → n /* diretion */ do5 for s = 0 → 1 /* orientation */ do6 for d = n → 1 /* dereasing dimension */ do7

T = {(f, g) ∈ L | (f, g) is free for X,8 Dir(f, g) = t, Orient(f, g) = s, dim(f) = d};
X = X \ T ;9 foreah (f, g) ∈ T do J = J + (f, g);10 foreah (i, j) ∈ X2, j ∈ f̂∗ do11 if (i, j) is free for X then12

p = max(P (i), P (j));13 if p 6 m then L = L ∪ {(i, j)};14
R = R ∪ {(p, i, j)};15 return J ;16

ℓ = 0 the path is said trivial . If v0 = vℓ the path is a yle. The graph is ayliif it does not ontain any non-trivial yle.De�nition 2. Let X be a omplex and J = 〈(fi, gi)〉
ℓ
i=1 be a ollapse sequenefrom X. For any k ∈ {1, . . . , ℓ}, ℓ > 0, we set Xk = X \ {fi, gi}

k
i=1. We set

E1 = {(gi, fi)}
ℓ
i=1 and E2 =

⋃ℓ

k=1{(fk, g) | g ∈ f̂k

∗

∩ Xk}.The �ow graph assoiated to J is the (direted) graph whose vertex set is X andwhose edge set is E = E1 ∪ E2.This de�nition is illustrated in Fig. 3. It an be easily seen that, whateverthe omplex X and the ollapse sequene J from X , the �ow graph assoiatedto J is ayli.4 Upstream of a vertex and its valuationFrom now, we onsider a ollapse sequene J = 〈(fi, gi)〉
ℓ
i=1 from a omplex X ,and its assoiated �ow graph (X, E = E1 ∪ E2). Using the notations of Def. 2,any pair (fk, gk) of J is free for Xk−1, and we have X = X0 ց . . . ց Xℓ. Wede�ne F = {fi}

ℓ
i=1, G = {gi}

ℓ
i=1 and XJ = F ∪ G.Let x ∈ X , we denote by Γ (x) the set of suessors of x in the ayli graph

(X, E), that is, Γ (x) = {y ∈ X | (x, y) ∈ E}, and we denote by Γ−1(x) the setof predeessors of x in this graph, that is, Γ−1(x) = {y ∈ X | (y, x) ∈ E}. We



5 16 9

1 10 17 6

4 13 18 8

11 14 19 7

12 15 22

2 20 23

3 21

Fig. 3. Left: A ollapse sequene J . Eah pair (fi, gi) of J is depited by an arrowfrom gi to fi. The numbers indiate the indies of the pairs in J . Right: The �ow graphassoiated to J .denote by d+(x) the outer degree of the vertex x in the graph (X, E), that is,the number of suessors of x.We all upstream of x the set of all verties that are anestors of x in the �owgraph, that is, the set U(x) = {y ∈ X | there is a path from y to x in (X, E)}.In a ollapse sequene, ertain pairs an be swapped or eliminated, yieldinganother ollapse sequene. Intuitively, the elements of the upstream of a fae xof X are those that must indeed be ollapsed before x an itself ollapse.Let L be a map from X to R∪{+∞}. Roughly speaking, the map L̃ de�nedbelow umulates, for eah vertex x, the values of L on all verties of the upstreamof x.De�nition 3. Let L be a map from X to R∪{+∞}. We de�ne the map L̃ suhthat, for any x ∈ X:
L̃(x) = L(x) +

∑

y∈Γ−1(x)

L̃(y)/d+(y)Notie that this de�nition is reursive, and that it makes sense sine thegraph (X, E) is ayli. Intuitively, the division by d+(y) is motivated by thefat that a value must not be taken in aount several times in the sum. Thevalues L̃(x) an be omputed by a quite simple reursive program (given in [6℄)that has a linear time omplexity.Two partiularly simple funtions L yield meaningful indiators assoiatedto the elements of X . Let us �rst onsider the funtion L1 suh that L1(x) = 1 if
dim(x) = n, and L1(x) = 0 otherwise. The map L̃1 assoiates, to eah element xof X , the �area of U(x)� (or its volume in 3D). Now, let us onsider L2 = 1B(X),where B(X) is the set of all faes that are free for X . We all B(X) the border of
X . In other words, L2(x) = 1 if x ∈ B(X), and L2(x) = 0 otherwise. The map
L̃2 assoiates, to eah element x of X , a measure (length in 2D, surfae area in3D) of U(x) ∩ B(X).Fig. 4(a1, a2) show the maps L1 and L2 respetively, for the same objet Y .The maps L̃1 and L̃2 are displayed in Fig. 4(b1, b2).



0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 1.0 0.0 1.0 0.0 1.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 1.0 0.0 1.0 0.0 1.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 1.0 0.0 1.0 0.0

0.0 0.0 0.0 0.0 0.0

0.1 0.3 0.6 0.8 1.3 0.3 0.1

0.0 1.0 0.1 1.1 1.7 1.0 0.0

0.1 0.3 0.7 1.0 3.3 3.6 4.3 0.3 0.1

0.0 1.0 0.1 1.1 4.7 1.0 0.0

0.1 0.3 0.7 1.0 6.3 6.6 6.9

0.0 1.0 0.1 1.1 7.1

0.1 0.3 0.6 0.8 8.0

1.1 1.1 1.2 1.2 1.7 1.1 1.1

1.0 1.0 1.1 1.1 1.7 1.0 1.0

1.1 1.1 1.2 1.2 3.6 3.6 4.7 1.1 1.1

1.0 1.0 1.1 1.1 4.7 1.0 1.0

1.1 1.1 1.2 1.2 6.6 6.6 7.1

1.0 1.0 1.1 1.1 7.1

1.1 1.1 1.2 1.2 8.0

(a1) (b1) (c1)
0.0 1.0 0.0 1.0 0.0 1.0 0.0

1.0 0.0 0.0 0.0 0.0 0.0 1.0

0.0 1.0 0.0 0.0 0.0 0.0 0.0 1.0 0.0

1.0 0.0 0.0 0.0 0.0 0.0 1.0

0.0 1.0 0.0 0.0 0.0 0.0 0.0

1.0 0.0 0.0 0.0 1.0

0.0 1.0 0.0 1.0 0.0

0.1 1.3 1.4 2.5 3.9 1.3 0.1

1.0 1.0 0.1 0.1 4.1 1.0 1.0

0.1 1.3 1.6 1.8 6.2 6.3 7.9 1.3 0.1

1.0 1.0 0.1 0.1 8.1 1.0 1.0

0.1 1.3 1.6 1.8 10.2 10.3 10.5

1.0 1.0 0.1 0.1 11.5

0.1 1.3 1.4 2.5 14.0

1.3 1.3 2.5 2.5 4.1 1.3 1.3

1.0 1.0 1.1 1.1 4.1 1.0 1.0

1.3 1.3 1.8 1.8 6.3 6.3 8.1 1.3 1.3

1.0 1.0 1.1 1.1 8.1 1.0 1.0

1.3 1.3 1.8 1.8 10.3 10.3 11.5

1.0 1.0 1.1 1.1 11.5

1.3 1.3 2.5 2.5 14.0

(a2) (b2) (c2)Fig. 4. (a1, a2) Maps L1 and L2 on the same omplex Y . (b1, b2) Maps eL1 and eL2. Forthe sake of readability, only one digit after the deimal point is displayed. (c1, c2) α-Topologial maps indued by eL1 and eL2, respetively, with α = 0.1 (see Se. 5 andSe. 6).5 Topologial mapsIn this setion, we introdue the notion of topologial map. A topologial mapbased on a ollapse sequene J is a map on the elements of X that satis�esertain onditions relative to J and its assoiated �ow graph. Then, we prove animportant property of suh maps: if M is a topologial map, then any level setof M is homotopy-equivalent to X . In Se. 6, we will show how to build suh amap, based on any given funtion on X .De�nition 4. Let M be a map from X to R ∪ {+∞}. We say that M is atopologial map on X (based on J) if:i) for all (g, f) in E1, M(g) = M(f); andii) for all (f, g) in E2, M(g) > M(f); andiii) for all g in X \ XJ , M(g) = +∞.Let α be a positive real number. If we replae ii) with the stronger requirement:ii') for all (f, g) in E2, M(g) > M(f) + α,then we say that M is an α-topologial map on X (based on J).The notion of topologial map is inspired from the one of disrete Morsefuntion (see [9℄). A topologial map an be seen (apart from the in�nite values)as a partiular ase of disrete Morse funtion, and Th. 5 ould also be provedusing results of [9℄.
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8 (a) (b) () (d)Fig. 5. (a) A 1-omplex X, a �ow graph on X (blak arrows for ars of E1, red arrowsfor ars of E2), and a (1-)topologial map M on X (numbers). (b,,d) Level sets of Mat levels 0, 3 and 7, respetively.Let λ ∈ R ∪ {+∞}, we de�ne Mλ = {x ∈ X | M(x) > λ}, the (upper)level set of M at level λ. The main property of a topologial map M is that anylevel set of M is homotopy-equivalent to X , as implied by the following theorem(Th. 5, see Fig. 5 for an illustration).Theorem 5. Let M be a topologial map on X. Whatever the number λ ∈
R ∪ {+∞}, the omplex X ollapses onto Mλ.The next theorem (Th. 6) expresses the stability of our skeletonization sheme,with respet to the variations of the �ltering parameter.Let S, T be two subsets of R

n. We set H(S|T ) = maxs∈S{mint∈T {d(s, t)}},and dH(S, T ) = max{H(S|T ), H(T |S)} is the Hausdor� distane between Sand T . Let X be a omplex in F
n, we denote by S(X) the union of all faesof X , alled the support of X . For omparing two omplexes X and Y , we on-sider the Hausdor� distane between their supports S(X) and S(Y ).Theorem 6. Let α ∈ R, λ ∈ R ∪ {+∞}, α > 0, λ > 0. Let k ∈ N. Let M be an

α-topologial map on X. Then, dH(S(Mλ),S(Mλ+kα)) 6 k.6 Topologial map indued by an arbitrary mapIn this setion, we show that given any map L on X , we an de�ne and omputea topologial map that is �lose to� L, more preisely it is the lowest map above
L that is a topologial map.De�nition 7. Let L be any map from X to R ∪ {+∞}, and let α be a positivereal number. We onsider a map M suh that:a) M is an α-topologial map; andb) for all f in XJ , M(f) > L(f); and) M is minimal for onditions a) and b), that is, any map M ′ verifying both a)and b) is suh that M ′ > M .As stated by the following property, M is uniquely de�ned. We say that themap M is the α-topologial map indued by L.Proposition 8. Let M and M ′ be two maps that verify onditions a), b) and) of Def. 7. Then, we have M = M ′.This notion is illustrated in Fig. 6 and in Fig. 4(c1, c2).Next, we give an algorithm (Alg. 2) that omputes the α-topologial mapindued by any given map on X . Before this, let us reall brie�y the notions of
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20(a) (b)Fig. 6. (a) A map L on the omplex X of Fig. 5. (b) The 1-topologial map induedby L.Algorithm 2: AlphaTM(X, E1, E2, L, α)Data: A omplex X, the ar sets E1, E2 of a �ow graph on X, a map L from Xto R, a real number α > 0Result: A topologial map Mforeah x ∈ X do1 if x does not appear in E1 ∪ E2 then M(x) = +∞;else M(x) = L(x);Let {Xr}r=k

r=0 be the result of the topologial sort of the ayli graph2
(X, E1 ∪ E2);for r = 0 → k do3 foreah x ∈ Xr do4 foreah y suh that (y, x) ∈ E1 do5

M(y) = M(x) = max{M(x), M(y)};foreah y suh that (y, x) ∈ E2 do6
M(x) = max{M(x), M(y) + α};return M ;7rank and topologial sort (an introdution to topologial sort, inluding de�ni-tion, properties and algorithm, an be found, e.g., in [5℄). Let G = (V, E) bean ayli graph and let x ∈ V , the rank of x in G is the length of the longestpath in G that ends in x. The topologial sort of G is an operation that resultsin a partition {V r}r=k

r=0 of V suh that eah V r is the subset of V ontaining allverties of rank r.Proposition 9. Let L be a map from X to R, and let α be real number, α > 0.The result of AlphaTM(X, E1, E2, L, α) is the α-topologial map indued by L.7 Computing hierarhi skeletonsLet us now summarize our method to produe families of �ltered homotopiskeletons (see algorithm 3). It is assumed here that X is a pure n-omplex in
F

n, that is, a omplex in whih eah fae is inluded in an n-fae.First, we ompute the projetion radius map (Se. 2) on the n-faes of X ,and extend it to the other elements of X (if y ∈ X is not an n-fae, then we set
P (y) to the max of P (xi) where the xi's are all n-faes that inlude y).Using algorithm 1 (Se. 3) we build a ollapse sequene and a �ow graph on X .By onstrution, the upstream of any vertex x of this �ow graph is omposed



Algorithm 3: TopoMap(X, L, α)Data: A omplex X, a map L on X, a real number αResult: A topologial map MLet P be the projetion radius map of X (see Se. 2);1 Let J = GuidedCollapse(X, P ) (see Se. 3);2 Let (X, E = E1 ∪ E2) be the �ow graph assoiated to J ;3 Let M = AlphaTM(X, E1, E2, eL, α) (see Se. 5);4 return M ;5

Fig. 7. Left: a rendering of the result of the TopoMap operator, using the map L2.Right: a �ltered urvilinear skeleton of a 3D shape.by elements that, in any family of �ltered skeletons, should disappear before xdoes.Integrating information given by map L allows us to assoiate, to eah ele-ment x of X , a value L̃(x) that represents a measure of the upstream of x. Thelower this value, the sooner the point x may disappear.Then, thanks to algorithm 2 (Se. 5), we produe a topologial map M basedon this measure. Due to Th. 5, we know that any level set of M is homotopy-equivalent to X . Therefore, �ltered (i.e., pruned) skeletons are obtained bythresholding the map M ; lowest levels of threshold orrespond to highest levelsof detail. Some results are shown in Fig. 7 and Fig. 8.8 ConlusionThe method that we propose is guaranteed to preserve topology and is stablewith respet to variations of the �ltering parameter, as stated by Th. 5 andTh. 6 respetively. It is designed to work in 3D as well as in 2D. Furthermore,our method is highly �exible: many variants an be imagined, in partiular by
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